We investigate the effects of time delayed interactions in a two-dimensional array of coupled phase oscillators. In the simulation, we find that time delay induces peculiar patterns, which have three kinds of multistabilities, while without delay only synchronized flats appear. The result suggests that the time delay should play an important role in the information processing based on the spatiotemporal structure of neuronal activities.
several authors have begun to investigate oscillator systems where delays are not negligible, motivated by neural networks where synaptic, dendritic, and propagation delays can be significant, and they have found that time delay induces multistability, desynchronization, and amplitude death in certain dynamical systems [3] [4] [5] [6] [7] . As it is, it is now convincing that the time delay should not be neglected in general.
Especially Ref. [8] has reported that a propagating structure occurs when delay depends on the distance between elements in a one-dimensional array. Then, what if in a twodimensional array? Can we see usual patterns like spirals or rolls? To answer this, we investigate the dynamic behavior of coupled oscillators on a two dimensional square lattice and prove that time delay induces regular pattern formation of which the characteristics is somewhat peculiar. We study the following model equations:
Note that in our model the interaction is non-local and time delayed, which is characterized by the coupling length r 0 and the signal propagation speed v. The finite coupling length r 0 is introduced, for we want our model to be applicable not only to physical systems but also to biological systems.
We assumed that the Gauss' law of interactions is valid here so that we introduced 1/r factor in two dimensional cases.
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The above equation without delays is well-known model of globally coupled elements in the so-called phase approximation. It is known that, for any value of the coupling intensity α, all the elements converge to a single periodic orbit whose frequency w coincides with that of an individual oscillator, and form a synchronized flat [9, 10] . Extensive numerical calculations on the model strongly suggest that the asymptotic large-time evolution of the model with time delays corresponds to a state of frequency synchronization also, however with a frequency different from w and a nontrivial phase configuration [8] . Let us assume that at large times all the oscillators have the same frequency Ω. Then the solutions of the model can be written as θ ij (t) = Ωt + φ ij . Replacing this ansatz in the model, we find
Note that the sums Dφ( r ′ ) = Dφ( r) ,for all r and r ′ .
This implies that, in continuum limit, φ( r) = γ( r · e) + φ 0 is a unique solution, up to the arbitrariness of φ 0 and e, as long as e is a unit vector embedded in the lattice plane. The cases of γ = 0 corresponds to synchronized flats, while nonzero γ makes the traveling roll solution with the phase velocity Ω/γ.
However, when the space is not a continuous media but a discrete lattice as in our model, other patterns like spirals could also occur [11] . In order to find out what patterns are available, we have solved Eq. 1 by means of numerical integration. In this study, we set w = π/5, and solved the equation on a 64 by 64 square plane (1 < i < 64, 1 < j < 64) with periodic boundary conditions. We checked that different size of lattice does not alter the result seriously. As for the initial conditions, we have assumed that for t < 0 the oscillators evolve independently from each other with their natural frequency w and with random relative phases. The numerical integration of Eq. 1 is a tremendously time-consuming task.
So, this work concerns only the essences of the dynamics. Details will be studied later.
The numerical results are displayed in Figure 1 and 2. If the coupling strength α is above the critical value, only flats appear, but if α is below the critical value, the system evolves into flats, rolls [as in Fig. 2(a) ], or other phase distributions [as in Fig. 2(b) ] according to initial configurations. In fact, due to this multistability, it is very hard to determine exactly the borderline between flats and patterns in Figure 1 . In this sense, Fig. 1 There exist three kinds of multistabilities in our model. First, as was stated above, we can see flats, rolls or other phase distributions with same parameters according to initial configurations. Second, in roll patterns, there are multiple states with different wavelengths in some cases. This kind of multistability is also reported in one-dimensional lattice [8] .
Third, different initial configurations make the different angles between the two primitive translation vectors of patterns like Fig. 2(b) . It seems that multistabilities are the major characteristics of time delayed systems.
Note that the arrangement of the phase singularities plays an essential role in forming of a pattern in Fig. 2 
